Abstract. It is shown that a ring is left semihereditary if and only each homomorphic image of its injective hull as left module is FP-injective. It is also proven that a commutative ring R is reduced and arithmetical if and only if E/U if FP-injective for any FP-injective R-module E and for any submodule U of finite Goldie dimension. A characterization of commutative rings for which each module of finite Goldie dimension is of injective dimension at most one is given. Let R be a chain ring and Z its subset of zerodivisors. It is proven that E/U is FP-injective for each FP-injective R-module E and each pure polyserial submodule U of E if R/I is complete in its f.c. topology for each ideal I whose the top prime ideal is Z. The converse holds if each indecomposable injective module whose the bottom prime ideal is Z contains a pure uniserial submodule. For some chain ring R we show that E/U is FP-injective for any FP-injective module E and any its submodule U of finite Goldie dimension, even if R is not coherent. It follows that any Archimedean chain ring is either coherent or maximal if and only if each factor of any injective module of finite Goldie dimension modulo a pure submodule is injective.
Introduction
It is well known that each factor of a divisible module over an integral domain is divisible. By [10, Proposition IX.3.4 ] an integral domain is Prüfer (each ideal is flat) if and only if each divisible module is FP-injective. So, over any Prüfer domain each factor module of a FP-injective module is FP-injective too. More generally, a ring R is left hereditary (each left ideal is projective) if and only if (by [1, Proposition I.6.2] ) each factor of any injective left R-module is injective, a ring R is left semihereditary (each finitely generated left ideal is projective) if and only if (by [15, Theorem 2] ) each factor of any FP-injective left R-module is FP-injective, By [2, Théorème 4] a commutative ring R has global weak dimension ≤ 1 (each ideal is flat) if and only if each finitely cogenerated factor of any finitely cogenerated injective module is FP-injective, and in this case, by using [2, Théorèmes 3 et 4] it is possible to show that each factor of any FP-injective module modulo a submodule of finite Goldie dimension is FP-injective. In [9, Theorem 2.3] there is a characterization of commutative rings for which each factor of any finitely cogenerated injective module is injective. On the other hand, by using [19, Theorem 3.2] it is not difficult to show that a ring R is left coherent (each finitely generated left ideal is finitely presented) if and only if each factor of any FP-injective left R-module modulo a pure submodule is FP-injective (each direct limit of a system of FP-injective modules is factor of the direct sum of all FP-injective modules of the system modulo a pure submodule).
In this paper the following two questions are studied:
• What are the rings R for which E/U is FP-injective for any FP-injective left module E and any submodule U of finite Goldie dimension? • What are the rings R for which any left module of finite Goldie dimension is of injective dimension at most one? A complete answer to these questions is given but only when R is commutative. However, a result in the general case is given by extending Problem 33 posed by Fuchs and Salce in [10, p. 306] and solved by Laradji in [14] .
Then, we examine the following question:
• What are the rings R for which E/U is FP-injective for any FP-injective left module E and any pure submodule U of finite Goldie dimension? We study this question uniquely in the case where R is a commutative chain ring, and even in this case, it is not easy to get some interesting results.
In this paper all rings are associative and commutative (except at the beginning of section 2) with unity and all modules are unital. First we give some definitions.
An R-module M is said to be uniserial if its set of submodules is totally ordered by inclusion and R is a chain ring 1 if it is uniserial as R-module. In the sequel, if R is a chain ring, we denote by P its maximal ideal, Z its subset of zerodivisors and Q(= R Z ) its quotient ring. Recall that a chain ring R is said to be Archimedean if P is the sole non-zero prime ideal.
A module M has finite Goldie dimension if its injective hull is a finite direct sum of indecomposable injective modules. A module M is said to be finitely cogenerated if its injective hull is a finite direct sum of injective hulls of simple modules. The f.c. topology on a module M is the linear topology defined by taking as a basis of neighbourhoods of zero all submodules G for which M/G is finitely cogenerated (see [20] ). This topology is always Hausdorff. When R is a chain ring which is not a finitely cogenerated R-module, the f.c. topology on R coincides with the R-topology which is defined by taking as a basis of neighbourhoods of zero all non-zero principal ideals. A module M is called linearly compact if any family of cosets having the finite intersection property has nonempty intersection.
A ring R is said to be (almost) maximal if R/A is linearly compact for any (non-zero) proper ideal A.
An exact sequence 0 → F → E → G → 0 is pure if it remains exact when tensoring it with any R-module. In this case we say that F is a pure submodule of E.
We say that an R-module E is FP-injective if Ext 1 R (F, E) = 0, for every finitely presented R-module F. A ring R is called self FP-injective if it is FP-injective as R-module.
Global case
Proposition 1. Let R be a ring, E a left R-module and U a submodule of E. Then the following conditions are equivalent:
Proof. It is obvious that (1) ⇒ (2).
(2) ⇒ (1). First we assume that E is injective. Then E contains a submodule E ′ which is an injective hull of U . Since E/E ′ is injective and E ′ /U FP-injective, then E/U is FP-injective too. Now we assume that E is FP-injective. Let H be the injective hull of E. Then E/U is a pure submodule of H/U . We conclude that E/U is FP-injective.
The following theorem contains a generalization of [14 
. Let M be a FP-injective left R-module and K a submodule of M . To show that M/K is FP-injective we may assume that M is injective by Proposition 1. There exist a set Λ and an epimorphism g :
Since M is injective, we can extend g to an epimorphism from I (Λ) into M . Hence, it is enough to show that each homomorphic image of I (Λ) is FP-injective for any set Λ. First we assume that Λ is a finite set of cardinal n. Let K be a submodule of I n and p : I n = I n−1 ⊕ I → I the canonical projection. We note K ′ the image of K by p. We get the following exact sequence:
So, by induction on n we get that I n /K is FP-injective. Now, let (Λ γ ) γ∈Γ be the family of finite subsets of Λ where Γ is an index set. For each γ ∈ Γ we put
If K is submodule of I (Λ) then I (Λ) /K is the union of the family of submodules (I γ /K ∩ I γ ) γ∈Γ . We use [19, Corollary 2.3 ] to conclude.
Given a ring R and a left R-module M , we say that M is P-injective if Ext 1 R (R/Rr, M ) = 0 for any r ∈ R. When R is a domain, M is P-injective if and only if it is divisible. We say that R is a left PP-ring if any principal left ideal is projective.
The following theorem can be proven in a similar way as the previous. Proof. By [2, Théorème 4] (1) ⇔ (2). It is obvious that (3) ⇒ (2), (5) ⇒ (4) and (4) ⇒ (2).
(2) ⇒ (3). Let E be a injective R-module of finite Goldie dimension and M be a factor of E. By using [2, Théorème 3] , it is easy to prove that M is a pure submodule of an module M ′ with M ′ = λ∈Λ M λ , where Λ is an index set and M λ is a finitely cogenerated factor of M for each λ ∈ Λ. Then M λ is a factor of E, whence it is FP-injective by (2), for each λ ∈ Λ. We successively deduce that M ′ and M are FP-injective.
(4) ⇒ (5). By Proposition 1 we may assume that E is injective of finite Goldie dimension. To conclude we do as in the proof of (2) ⇒ (3).
(1) ⇒ (4). Let p : E → M be an epimorphism where E is an injective Rmodule of finie Goldie dimension and M a finitely cogenerated R-module. Let u be the inclusion map from M into its injective hull F and f = u • p. Then E = E 1 ⊕ · · · ⊕ E n and F = F 1 ⊕ · · · ⊕ F q where E i and F j are indecomposable for i = 1, . . . , n and j = 1, . . . , q. Since the endomorphism ring of any indecomposable injective module is local, there exist maximal ideals P 1 , . . . , P n and L 1 , . . . , L p of R such that E i is a module over R Pi for i = 1, . . . , n and F j is a module over
. Then E and F are modules over S −1 R, f is a S −1 R-homomorphism. It follows that M is also a module over S −1 R. Since S −1 R is semilocal, (1) implies that it is semihereditary. We conclude that M is FP-injective.
Recall that a commutative ring R is said to be arithmetical if R P is a chain ring for each maximal ideal P of R. It is well known that a reduced ring is arithmetical if and only if it is of global weak dimension ≤ 1.
Theorem 5. Let R be a commutative ring. The following conditions are equivalent:
(1) R is of global weak dimension ≤ 1 and R/L is an almost maximal Prüfer domain for every minimal prime ideal L of R; (2) R is of global weak dimension ≤ 1 and each factor of R L is injective for each minimal prime ideal of R; (3) each R-module of finite Goldie dimension is of injective dimension ≤ 1.
Proof. Assume that R is a reduced arithmetical ring. If L is a minimal prime ideal of R, then R/L is a submodule of R L and consequently it is a flat R-module. So, each injective R/L-module is injective over R too. By [10, Proposition IX.4.5] we conclude that (1) ⇔ (2).
(3) ⇒ (2). By Theorem 4 R is a reduced arithmetical ring. Let L be a minimal prime ideal. Then R L is a field and so it is an injective module of Goldie dimension one.
(2) ⇒ (3). Let I be an indecomposable injective module, P the prime ideal of R which is the inverse image of the maximal ideal of End R (I) by the natural map R → End R (I) and L the minimal prime ideal of R contained in P . Since I is a module over R P then it is annihilated by L, and since R P is almost maximal it is a factor of R L . Now let U be a module of finite Goldie dimension and E its injective hull. Then E = I 1 ⊕ · · · ⊕ I n where I i is indecomposable for i = 1, . . . , n.
Let L 1 , . . . , L p be the minimal prime ideals of R such that, for each i = 1, . . . , n there exists j,
for some positive integer m k . By induction on m k we show that E k /U k is injective. Hence E/U is injective. Proof. Since R P is a Noetherian valuation domain, it is almost maximal and each non-zero prime ideal is contained in a unique maximal ideal. So, by [9, Theorem 2.3] each finitely cogenerated R-module is of injective dimension ≤ 1. But some elements of R are contained in infinite many maximal ideals. So, by [10, Theorem IV.3.9] R is not an almost maximal domain.
Proposition 7. Let R be a locally coherent commutative ring. For any FP-injective R-module E and any pure submodule U of finite Goldie dimension, E/U is FPinjective.
Proof. By Proposition 1 we may assume that E is injective of finite Goldie dimension. If I is an indecomposable injective module then End R (I) is a local ring. Let P be the prime ideal which is the inverse image of the maximal ideal of End R (I) by the canonical map R → End R (I). It follows that I is a module over R P . Now let E = ⊕ n k=1 I k be a R-module where I k is indecomposable and injective for k = 1, . . . , n. Let P k be the prime ideal defined as above by I k for k = 1 . . . , n and let S = R \ (∪ 1≤k≤n P k ). Then E and U are module over the semilocal ring S −1 R. Since R is locally coherent then S −1 R is coherent. It follows that E/U is FP-injective.
Chain ring case: preliminaries
Some preliminaries are needed to prove our main results: Proposition 11 and Theorems 20 and 21.
Lemma 8. Let R be a chain ring, E a FP-injective module, U a pure essential submodule of E, x ∈ E \ U and a ∈ R such that (0 : a) ⊆ (U : x). Then:
Proof. (1) . Let b ∈ (U : x) \ (0 : a). Then bx ∈ U . Since U is a pure submodule there exists u ∈ U such that bx = bu. We get that (0 : a) ⊂ Rb ⊆ (0 : x − u). The FP-injectivity of E implies that there exists y ∈ E such that x − u = ay.
. By way of contradiction suppose there exist u ∈ U and y ∈ E such that x = u+ay. Then we get that (U : x) = (U : x−u) = (0 : x−u). So, U ∩R(x−u) = 0. This contradicts that E is an essential extension of U .
Let M be a non-zero module over a ring R. As in [10, p.338] we set:
Then R \ M ♯ and R \ M ♯ are multiplicative subsets of R. If M is a module over a chain ring R then M ♯ and M ♯ are prime ideals and they are called the bottom and the top prime ideal, respectively, associated with M .
When I is a non-zero proper ideal, it is easy to check that
So, I
♯ is the inverse image of the set of zero-divisors of R/I by the canonical epimorphism R → R/I. If we extend this definition to the ideal 0 we have 0 ♯ = Z. A proper ideal I of a chain ring R is said to be Archimedean if I ♯ = P . When R is Archimedean each non-zero ideal of R is Archimedean.
Remark 9. If P = Z then by [11, Lemma 3] and [13, Proposition 1.3] we have (0 : (0 : I)) = I for each ideal I which is not of the form P t for some t ∈ R. In this case R is self FP-injective and the converse holds. So, if A is a proper Archimedean ideal then R/A is self FP-injective and it follows that (A : (A : I)) = I for each ideal I ⊇ A which is not of the form P t for some t ∈ R.
Lemma 10. Let G be a FP-injective module over a chain ring
Proposition 11. Let R be a chain ring, E an FP-injective R-module and U a pure submodule of E. Assume that E ♯ ⊂ Z. Then E/U is FP-injective.
Theorem 11] R L is coherent, whence E/U is FP-injective.
Remark 12. Let R be a chain ring. Assume that P is not finitely generated and not faithful. Then, for any indecomposable injective R-module E and for any non-zero pure submodule U of E, E/U is FP-injective over R/(0 : P ).
Proof. Since P is not finitely generated and not faithful R is not coherent. Let R ′ = R/(0 : P ). Since (0 : P ) is a non-zero principal ideal, R ′ is coherent by [4, Theorem 11]. First we assume that E ≇ E(R/P ). By [4, Corollary 28] E is an R ′ -module and it is easy to check that it is injective over R ′ too. Hence E/U is FP-injective over R ′ . Now suppose that E = E(R) ∼ = E(R/P ). Then (0 : P ) is a submodule of U and E. So, E/U is the factor of E/(0 : P ) modulo the pure submodule U/(0 : P ). By [4, Proposition 14] E/(0 : P ) ∼ = E(R/Rr) for some 0 = r ∈ P . Hence E/(0 : P ) is injective over R ′ . Again we conclude that E/U is FP-injective over R ′ .
The following example shows that E/U is not necessarily FP-injective over R. 
Proof. If I is a non-zero proper ideal of R then either I is principal or I = P a for some a ∈ R. On the other hand P is not finitely generated and not faithful. Let x ∈ E \ U . Then (U : x) is not finitely generated. So, (U : x) = P b for some b ∈ R and there exists a ∈ P such that P b = (0 : a). By lemma 8 E/U is not FP-injective over R. Since D is not almost maximal then R is a proper pure submodule of its injective hull.
Lemma 14. Let R be a chain ring. Then:
(1) sI is Archimedean for each non-zero Archimedean ideal I and for each s ∈ P for which sI = 0; (2) (A : I) ♯ = I ♯ for each Archimedean ideal A and for each ideal I such that A ⊆ I.
Proof. (1)
(2). Let J = I ♯ . First suppose J ⊂ P . Let s ∈ R \ J. Then sI = I. It follows that (A : I) ⊂ Rs. Let r ∈ (A : I). Then r = st for some t ∈ R. We have tI = tsI = rI ⊆ A. 
Proof. (1). Let c ∈ (A : I) \ (0 : a).
It is easy to see that A = cI. Let d ∈ (A : I) such that c = td for some t ∈ R. Then A = cI = tdI = dI. From Lemma 14 we deduce that t is invertible. So, (A : I) = Rc. By way of contradiction suppose there exists d ∈ R such that (0 : a) ⊂ Rd ⊂ Rc. As above we get that (A : I) = Rd. This contradicts that (A : I) = Rc. Hence (0 : a) = P c.
(2). First we show that A ⊂ c(0 : a) if c ∈ P \ I. By way of contradiction suppose that A = c(0 : a). Since I = P t for each t ∈ R, by [4, Lemma 29] there exists d ∈ P such that I ⊂ dcR. We have dc(0 : a) = c(0 : a). From a ∈ I we deduce that a = rdc for some r ∈ P . It follows that rc(0 : a) = rdc(0 : a) = 0. But rc / ∈ Ra implies that rc(0 : a) = 0, whence a contradiction. Let s ∈ P \ I. Since I is Archimedean there exists t ∈ (I : s) \ I. We have A ⊂ t(0 : a) ⊆ (A : s). Hence A is Archimedean.
Lemma 16. Let R be a chain ring such that 0 = Z ⊂ P and A a non-zero Archimedean ideal.
(1) if A ⊂ rZ for some r ∈ R then (A : rZ) = Qs for some s ∈ Z; (2) if I is an ideal satisfying I ♯ = Z, A ⊂ I and I = rZ for any r ∈ R, then (A : I) = bQ for any b ∈ Z.
Proof. (1) . Let J = (A : rZ). By Remark 9 (A : J) = rZ. By Lemma 14 J ♯ = Z, so J is an ideal of Q. By way of contradiction suppose that J is not finitely generated over Q. Then J = ZJ and rJ = rZJ ⊆ A. Whence rR ⊆ (A : J) = rZ. This is false. Hence J = Qs for some s ∈ R.
(2). By way of contradiction suppose that (A : I) = bQ for some b ∈ Z. It follows that bI ⊂ A. So, (bI : I) ⊆ (A : I). It is obvious that b ∈ (bI : I) and since I is a Q-module we have (bI : I) = bQ. Since I = cZ for each c ∈ Z we have bI = ∩ r / ∈bI rQ by [4, Lemma 29] . Let c ∈ A \ bI. There exists t ∈ Z such that tc / ∈ bI. We have (Rtc : I) = (Rc : I). It is obvious that (Rc : I) ⊆ (Rtc : tI). Let r ∈ (Rtc : tI). For each s ∈ I ts = tcv for some v ∈ R. If ts = 0 then Rs = Rcv by [4, Lemma 5 ]. If ts = 0 then s ∈ (0 : t) ⊂ Rc because tc = 0. Hence (Rc : I) = (Rtc : tI). But tI = I because t ∈ Z = I ♯ . Since Rtc is Archimedean we get that (Rtc : I) ⊂ (Rtc : tI), whence a contradiction.
Let R be the pure-injective hull of R and x ∈ R \ R. As in [17] the breadth ideal B(x) of x is defined as follows: B(x)= {r ∈ R | x / ∈ R + r R}.
Proposition 17. Let R be a chain and I a proper ideal of R. Then: (1) [6, Proposition 20] R/I is not complete in its f.c. topology if and only if there exists x ∈ R \ R such that I = B(x); (2) [3, Proposition 3] if Z = P and I = B(x) for some x ∈ R \ R then:
(a) I = (0 : (R : x)); (b) (R : x) = P (0 : I) and (R : x) is not finitely generated.
We say that a module M is polyserial if it has a pure-composition series
i.e. M k is a pure submodule of M and M k /M k−1 is a uniserial module for each k = 1, . . . , n.
The Malcev rank of a module M is defined as the cardinal number Mr M = sup{gen X | X finitely generated submodule of M }.
Proposition 18. Let U be a submodule of a FP-injective module E over a chain ring R. Then the following conditions are equivalent:
Proof. It is obvious that only (1) ⇒ (2) needs a proof. By [6, Proposition 13] Mr U is finite and equals the length of any pure-composition series of U . Let n = Mr U . Let U 1 be a pure uniserial submodule of U . Then U/U 1 is a pure submodule of E/U 1 which is FP-injective. On the other hand U/U 1 is polyserial and Mr U/U 1 = n − 1. We conclude by induction on n.
Chain ring case: main results
Lemma 19. Let R be a chain ring, E an indecomposable injective R-module and U a pure uniserial submodule of E. Then, for each 0 = e ∈ E there exists a pure submodule V of E containing e.
Proof. There exists r ∈ R such that 0 = re ∈ U . The purity of U implies there exists u ∈ U such that re = ru. By [4, Lemma 2] (0 : e) = (0 : u). Let α : Re → U be the homomorphism defined by α(e) = u. It is easy to check that α is a monomorphism.
So, there exists a homomorphism β : U → E such that β(α(e)) = e. Then β is injective since α is an essential monomorphism. Let V = β(U ). Thus by using the fact that a submodule of an injective module is pure if and only if it is a FP-injective module, we get that V is a pure submodule of E. Proof.
(1) ⇒ (2). We may assume that U is uniserial by Proposition 18 and that E is injective and indecomposable by Proposition 1. Let E ♯ = L. By Proposition 11 we may suppose that Z ⊆ L. After, possibly replacing R with R L , we may assume that L = P . Let x ∈ E \ U and a ∈ R such that (0 : a) ⊆ (U : x). Let A = (0 : x) and
Since U is a pure submodule there exists e ∈ U such that cx = ce and by [4, Lemma 2] (0 : e) = A. By [4, Lemma 26 
′ such that e = tv for some t ∈ R. Then A ⊆ (0 : v) = t(0 : e) = tA. So, tA = A. We deduce that t is invertible and R ′ ∼ = Re = E ′ ∩ U . It follows that (U : x) = (Re : x). We have B(x)= I/A where either I ♯ = Z or I = rZ for some r ∈ R. We deduce that (Re : x) = P (A : I) by Proposition 17. By Lemma 14 (A : I) ♯ = I ♯ . If (A : I) is not principal then (Re : x) = (A : I). If (A : I) = Rr for some r ∈ P , then (Re : x) = P r, and in this case (Re : x) ♯ = P = I ♯ . In the two cases (Re : x) ♯ = I ♯ . We deduce that (U : x) ♯ = Z if I ♯ = Z. If I = rZ for some r ∈ R, then R = Q and Z = P because Q/rZ is complete and R/rZ is not. By Lemma 16 (A : I) = Qs for some s ∈ R. But, since R ♯ = Z, (0 : a) ♯ = Z by [4, Lemma 26] , and by [4, Theorem 10] (0 : a) is not finitely generated over Q. Hence (0 : a) ⊂ (U : x). By Lemma 8 there exist u ∈ U and y ∈ E such that x = ay + u, so, E/U is FP-injective.
(2) ⇒ (1). By way of contradiction suppose there exists an ideal I of R, I = rZ for any r ∈ Z, such that I ♯ = Z and R/I is not complete in its f.c. topology. Since the natural map R → Q is a monomorphism, as in [8, Proposition 4], we can prove that Q/I is not complete in its f.c. topology. After, possibly replacing R by Q we may assume that Z = P . Then, R is not coherent and I is Archimedean. Let s ∈ P \ I. So, I ⊂ (I : s) ⊂ P . If E is the injective hull of R, by Proposition 17 there exists x ∈ E \ R such that I =B(x). Since s / ∈ I, x = r + sy with r ∈ R and y ∈ E \ R. We have B(y)=(I : s), whence R/(I : s) is not complete too. So, possibly, after replacing I with (I : s), we can choose I = 0.
First assume that I = Ra for some a ∈ P . Let E be the injective hull of R and x ∈ E \ R such that B(x)= I. By Proposition 17 (R : x) = P (0 : a) = (0 : a) since (0 : a) is not finitely generated by [4, Theorem 10] . By Lemma 8 E/R is not FP-injective. Now, suppose that I is not finitely generated. Let a be a non-zero element of I. Then (0 : I) ⊂ (0 : a). So, if A = I(0 : a), then A = 0 and A is Archimedean by Lemma 15. Let R ′ = R/A, e = 1 + A, E the injective hull of R ′ over R and
By hypothesis and Lemma 19 R
′ is contained in a pure uniserial submodule U of E. As in the proof of (1) ⇒ (2) we get R ′ = E ′ ∩U . Let I ′ = I/A and P ′ = P/A. Since R ′ /I ′ is not complete in its f.c. topology there exists
It is easy to see that (R ′ : R ′ x) = (U : x)/A and (0 : R ′ I ′ ) = (A : I)/A. So, (U : x) = P (A : I). From Lemma 15 we deduce that P (A : I) = (0 : a). Hence (U : x) = (0 : a), whence E/U is not FP-injective by Lemma 8.
Theorem 21. Let R be a chain ring such that Z = 0 . Assume that Q is coherent. The following conditions are equivalent:
(1) R/Z is complete in its f.c. topology; (2) for each FP-injective R-module E and for each pure polyserial submodule
Proof.
(1) ⇒ (2). We may assume that Z ⊂ P . Since Q is coherent, for each 0 = a ∈ Z, (0 : a) = bQ for some 0 = b ∈ Z. Let E be an injective module, U a pure uniserial submodule of E and L = E ♯ . We may assume that E is indecomposable.
As in the proof of Theorem 20 we may suppose that L = P . Let x ∈ E \ U , A = (0 : x), a ∈ R such that (0 : a) ⊆ (U : x) and c ∈ (U : x) \ A. As in the proof of Theorem 20 we show there exists an ideal I such that (U : x) = P (A : I). If I ♯ = Z we do in the proof of Theorem 20 to show that (0 : a) ⊂ (U : x). Now suppose that I ♯ = Z. By hypothesis I = rZ for each r ∈ R. Since (A : I) ♯ = Z = P , (U : x) = (A : I) = (0 : a) by Lemma 16. We conclude by Lemma 8 that E/U is FP-injective.
(2) ⇒ (1). Let 0 = a ∈ Z. Then (0 : a) = bQ for some 0 = b ∈ Z. It is obvious that (bZ : Z) ⊆ (bR : Z). Let c ∈ (bR : Z) then cZ ⊂ bR. Since (bQ/bZ) is simple over Q and cZ is a proper Q-submodule of bQ we get that cZ ⊆ bZ. Hence (Rb : Z) = (bZ : Z). Since bZ is an Archimedean ideal over Q and that (bZ : b) = Z then (bZ : Z) = (bZ : (bZ : b)) = bQ = (0 : a) by Remark 9. So, (bR : Z) = (0 : a). Now, assume that R/Z is not complete in its f.c. topology. Let E the injective hull of R/bR. By [4, Corollary 22(3) ] there exists a pure uniserial submodule U of E containing e = 1 + bR. Now, as in the proof of Theorem 20 we show that there exists x ∈ E \ U such that (U : x) = (bR : Z) = (0 : a). By Lemma 8 E/U is not FP-injective. This contradicts the hypothesis. (1) R/Z is complete in its f.c. topology; (2) for each FP-injective R-module E and for each pure polyserial submodule
Proof. Since Z 2 = Z, Z is principal over Q and Q is coherent by [4, Theorem 10] .
A chain ring R is said to be strongly discrete if L = L 2 for each non-zero prime ideal of R.
Corollary 23. Let R be a strongly discrete chain ring. The following conditions are equivalent: For each module M we denote by A(M ) its set of annihilator ideals, i.e. an ideal A belongs to A(M ) if there exists 0 = x ∈ M such that A = (0 : x). If E is a uniform injective module over a chain ring R, then, for any A, B ∈ A(E), A ⊂ B there exists r ∈ R such that A = rB and B = (A : r) (see [16] ).
Lemma 25. Let R be a chain ring. Assume that Z 1 = Z, where Z 1 is the union of all prime ideals properly contained in Z. Let E be an indecomposable injective R-module and 0 = e ∈ E. Suppose that E ♯ = Z. Then E contains a uniserial pure submodule U such that e ∈ U .
Proof. Since E is a module over Q, we may assume that R = Q. By Lemma 19 it is enough to show that E contains a pure uniserial submodule. Since R/Z 1 is archimedean, P is countably generated by [4, Lemma 33] . By [4, Proposition 32] (0 : P ) is a countable intersection of ideals containing it properly. So, by [4, Proposition 19 ] E(R/P ) and E(R/rR), r = 0, contain a pure uniserial submodule. If A(E) = A(R) then E ∼ = E(R). Since R is self FP-injective, it follows that E contains a pure uniserial submodule. Now assume that A(E) = A(R) and A(E) = {rR | r ∈ R}. By [18, Theorem 5.5] there exists a uniserial R-module U such that A(U ) = A(E) and consequently E ∼ = E(U ). Let r ∈ R and u ∈ U such that (0 : r) ⊆ (0 : u). Then (0 : r) ⊂ (0 : u), and r(0 : u) is not a principal ideal. So, (0 : P ) ⊂ r(0 : u), and by [4, Proposition 27 ] there exists v ∈ U such that (0 : v) ⊂ r(0 : u) ⊂ (0 : u). It follows that u = tv for some t ∈ R. By [4, Lemma 2] (0 : v) = t(0 : u) ⊂ r(0 : u). Hence t ∈ rR and u ∈ rU . We conclude that U is FP-injective, whence it is isomorphic to a pure submodule of E.
In the following theorems let us observe that the word "polyserial" is replaced with "of finite Goldie dimension".
Theorem 26. Let R be a chain ring such that Z = P . Assume that P = P 1 where P 1 is the union of all nonmaximal prime ideals of R. The following conditions are equivalent:
(1) either R is coherent or R/P 1 is almost maximal; (2) for each FP-injective R-module E and for any its pure submodule U of finite Goldie dimension, E/U is FP-injective.
Proof. (2) ⇒ (1). By Lemma 25 each indecomposable injective module E for which E ♯ = P contains a pure submodule. We conclude by Corollary 24.
(1) ⇒ (2). We may assume that R is not coherent and E is the injective hull of U . Then E is a finite direct sum of indecomposable injective modules. So, it is easy to show that E = F ⊕ G where F ♯ = P and G ♯ = L ⊂ P . If F = 0 then E and U are modules over R L which is coherent by [4, Theorem 11] . In this case E/U is FP-injective. Now, F = 0. Let a ∈ R and x ∈ E \ U such that (0 : a) ⊆ (U : x). We have x = y + z where y ∈ F and z ∈ G. By [ Proof. We may assume that R is not coherent and E is the injective hull of U . By Theorem 26 we suppose that Z = P . As in the proof of Theorem 20 we may assume that E ♯ = P . Let a ∈ R and x ∈ E \ U such that (0 : a) ⊆ (U : x). It is possible that (0 : x) = 0. But, there exists b ∈ R such that 0 = bx ∈ U , and since U is a pure submodule there exists v ∈ U such that bx = bv. We get (0 : x − v) = 0 and (U : x − v) = (U : x). Now we do the same proof as in Theorem 26 to conclude.
Corollary 28. Let R be an Archimedean chain ring. The following conditions are equivalent:
(1) R is either coherent or maximal; (2) for each FP-injective R-module E and for each pure submodule U of finite Goldie dimension of E, E/U is FP-injective. (3) for each injective R-module E and for each pure submodule U of finite Goldie dimension of E, E/U is injective.
Proof. (1) ⇒ (2) and (3) . By Proposition 1 we may assume that E is injective of finite Goldie dimension. If R is maximal then E is a finite direct sum of uniserial modules by [11, Theorem] . By [10, Theorem XII.2.3] (this theorem holds even if R is not a domain) U is a direct summand of E. So, U and E/U are injective. If R is coherent we apply [5, Lemma 3] .
(2) ⇒ (1) by Theorem 26.
Corollary 29. Let R be an arithmetical ring such that R P is Archimedean for any maximal ideal P of R. Then the following conditions are equivalent:
(1) R P is either coherent or maximal for each maximal ideal P of R;
Proof. By Corollary 28 (3) ⇒ (1).
(1) ⇒ (2). We may assume that E is injective of finite Goldie dimension. By [7, Corollary 4] E P is injective, and U P is a pure submodule of E P . We must prove that (E/U ) P is FP-injective for each maximal ideal P of R. If R P is coherent it is a consequence of Proposition 7. If R P is maximal and non coherent, first we show that E P is a finite direct sum of indecomposable injective R P -modules. We may assume that E is indecomposable. Since End R (E) is local, there exists a maximal ideal L such that E is a module over R L . If L = P then E P = E. If L = P then E P = 0 because P is also a minimal prime ideal. By Corollary 28 (E/U ) P is FP-injective. We conclude that E/U is FP-injective.
(2) ⇒ (3). We have E = E 1 ⊕ · · · ⊕ E n where E k is indecomposable for k = 1, . . . , n. For k = 1, . . . , n, let P k be the maximal ideal of R which verifies that E k is a module over R P k . If S = R \ (P 1 ∪ · · · ∪ P n ), then E and U are modules over S −1 R. So, we replace R with S −1 R and we assume that R is semilocal. By [12, Theorem 5] each ideal of R is principal (R is Bézout). By using [4, Corollary 36] it is easy to prove that each ideal of R is countably generated. So, we can do the same proof as in [5, Lemma 3] to show that E/U is injective.
